We describe several new aspects of light-matter interactions for solids in which interatomic coupling of impurity atoms plays a dominant role in population dynamics. We explore the implications of spatial coherence in such multiatom interactions by introducing a density-matrix theory of cooperative upconversion, focusing on pair systems for which analytic results can be obtained. We predict population pulsations in coherent cooperative upconversion, enhanced quantum efficiency, enhanced energy transfer, and pair-mediated instabilities, not only in cooperative upconversion media without external cavities but in upconversion lasers and conventional lasers in highly doped solids as well. These predictions are compared with rate equation solutions and observations in lasers with inversions sustained by cooperative processes, particularly the 2.8-gum Er laser. Rate equations fail to predict the observed steady-state instabilities of this laser, which are well reproduced by density-matrix theory, furnishing evidence of weak coherent delocalizations in a rareearth system.
INTRODUCTION
Upconversion and energy-transfer processes that occur in solids as a result of nonlinear population dynamics, rather than parametric processes, have been studied for many decades.`3 Two classes of nonparametric upconversion that differ in the mechanism responsible for converting long-wavelength radiation incident upon a sample into short-wavelength emission are generally acknowledged. In the first, sequential absorption of incident photons by progressively higher energy levels of a single atom leads to emission from high-lying upconverted states, broadly designated as upconversion emission. In the second, each atom absorbs at most one photon, and energy transfer between atoms is required for upconversion emission. The latter type of process may proceed in one of three ways. In a cooperative process the pooled energy of several coupled atoms can become localized on one particular atom, which then emits light from a highlying, upconverted state. 3 Or energy may be transferred in a sequence of discrete transfer steps.' Another possibility is an avalanche process in which upconversion results from field-induced cross-relaxation dynamics. 45 In this paper we confine our discussion to the cooperative upconversion process, highlighting novel experimental and theoretical dynamics that can result from spatial coherence among the coupled atoms or from the interaction of coupled atoms with radiation fields in optical cavities.
Early research on upconversion was motivated by the need to overcome the poor sensitivity of infrared detectors. 6 More recent research on upconversion has been stimulated by the realization that upconversion lasers have potential as practical, solid-state sources of visible and ultraviolet light. 7 -' 3 However, to date, little discussion has been given to certain fundamental aspects of the upconversion processes themselves, such as basic limits to achievable degrees of upconversion and the inherent stability of these highly nonlinear interactions between light and matter.
In this paper we consider these topics, primarily in the context of new experiments with the pair-pumped Er laser, a laser with an inversion sustained purely by pair upconversion.1 4 General predictions of enhanced quantum efficiency, enhanced energy transfer, population pulsations, and instabilities mediated by cooperative dynamics are compared with observations of nonlinear dynamics in twofold, threefold, and fourfold upconversion processes.
THEORY A. Enhanced Quantum Efficiency
The general scheme of cooperative upconversion is illustrated in Fig. 1 . Two atoms are depicted in an excited state undergoing a pair transition in which one atom is promoted to an upper state while the other descends to the ground state. Multipole or exchange coupling is presumed to furnish the interaction responsible for this pair transition, mediating evolution of the system in a manner somewhat analogous to coupled harmonic-oscillator dynamics. The energy transferred to the second atom rarely matches the precise transition energy required for gaining access to a real final state, but the energy defect can be accommodated in solids by the emission or the absorption of phonons. In solids doped heavily with rare earth or transition-metal impurities, transitions of this kind are common. 2 A schematic representation of excitation and decay pathways involved in cooperative upconversion is given in Fig. 2 . Excitation is initiated by a pumping process at wavelength Ain, which populates level 13) with efficiency -go. The system subsequently cascades to level 11) in steps with individual branching ratios 77. Decay to the ground state 10) may then occur, or a cooperative transition of the type indicated in Fig. 1 may take place. The manner in which cooperative upconversion benefits the overall emission at Aut is not immediately obvious because the maximum branching ratio for a single pair upconversion process is 0.5. This seems low from the outset. However, it can readily be appreciated from Fig. 1 . Dynamics of cooperative upconversion in a system consisting of two four-level atoms initially occupying state 11), as indicated by filled circles. The system relaxes by promoting one atom to level 13) as the second decays to the ground state (curved arrows). In this fashion upconversion fluorescence from energy levels higher than the initial state becomes possible at several wavelengths (straight arrows). The correspondence between levels of the model and Er is as follows: 10 .
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I'~Y of resonant energy transfer from the reservoir, restoring the initial condition shown in Fig. 1 Here factors p(n) are introduced to account explicitly for the probability of A's being reexcited by energy migration during the nth cycle. Both atoms A and B must be in state 11) for upconversion to occur with branching ratio Pups However, p(n) may be set equal to unity without a significant loss of generality
For a fixed initial number of excited atoms, p(n) decreases as the reservoir depletes, but it is an excellent approximation to assume that p(n) is independent of n when the density of upconversion sites is low compared with the density of excited atoms, and steady-state illumination is assumed. We can compare the effective efficiency Jeff with that expected without population recycling by defining an enhancement factor M, given by
Recycling by cooperative upconversion. The initial excitation of level 13), either by resonant optical excitation or by a cooperative process, occurs with quantum efficiency 77o. This is followed by a cascade of nonradiative decay and emission processes with individual branching ratios of 77. States Ila) and I lb) are different Stark components of level 1). Finally a long-lived level is reached in which cooperative upconversion can occur spontaneously without further absorption of photons from the pump field. The remnant excited-state population can be recycled to level 13) and additional photons may be emitted, thereby enhancing quantum efficiency. The radiative transition 12) -I lb) is the focus of quantum-efficiency considerations. Fig. 2 that excited-state population can be recycled through the emission channel if spontaneous upconversion occurs.
To quantify this concept and to show that quantum efficiency of optical emission can be enhanced by the presence of cooperative dynamics, we assume that the cooperative upconversion process can repeat itself n times. The number of sites at which upconversion occurs is taken to be small compared with the number of excited atoms.
This ensures that the reservoir of state I1) ions surrounding upconversion sites remains undepleted through many upconversion cycles because of rapid energy migration within the reservoir. Ground-state A atoms at upconversion sites are continually reexcited to state 11) by means (2) It is immediately apparent from Eq. (2) that quantum efficiencies exceeding unity are possible. To see this, one can ignore decay from the upconversion state Ila) by setting 774 = 0 and the value Pup = (1/m) -714 = 1/m into Eq. (2) . m is the number of atoms participating in the upconversion process itself. Then, for example, a quantum efficiency of 2 is expected when branching ratios for decay and emission in the system equal unity, and 7up is taken to be 0.5, the maximum value appropriate for pair upconversion. This is of great significance because population recycling also yields an enhanced energy conversion efficiency given by
From Eq. (3) it is clear that, for rates of cooperative upconversion greatly exceeding the natural decay rate of state 2, energy efficiency ceases to depend sensitively on the actual value of the upconversion rate itself or on the upconversion branching ratio and attains an enhanced value.
This result exhibits a universality that holds irrespective of the pumping method. Two examples are instructive. First, if all excitation above level I1) is furnished by m-fold upconversion, one might expect the maximum energy efficiency to be low Second, when a short input wavelength is used to pump upper level 13) optically, as in a conventional laserpumping scheme, cooperative enhancement of quantum has stopped. When the net rate of pumping into state 11) drops to zero, the rate of cooperative upconversion that feeds the upper laser level remains nearly constant initially, so the inversion improves for a short time. Second, the optical feedback in a cavity introduces transient atom-field interactions that cannot otherwise take place (see Subsection 2.C). Oscillations, reflecting population pulsations in the upconversion medium, are predicted in the rate equation limit and should be evident in light emitted from the cavity.
In the absence of inversion or a cavity, such population pulsations are possible only in spatially coherent cooperative interactions. To verify this, the role of delocalization in excited states must be examined carefully with a 
In these expressions yij is the decay constant between levels i and j, y is the total decay rate for level i, Bij is the Einstein coefficient for induced absorption on the i -j transition, and a is the upconversion coefficient, which has dimensions of volume. I is the intensity of incident light, and r, is the cavity lifetime.
To simulate the dynamics in a cavity after illumination stops, the stationary-state populations reached in levels 10) to 13) during constant pumping were obtained. Then we solved the undriven equations for times after pumping ceased by utilizing the stationary-state parameters Q(0) and Nj(0) as initial conditions. The resulting level 12) population dynamics are shown in Fig. 3 .
Two aspects of the dynamics calculated with this rate equation approach are interesting. First, for times shorter than the lower-state lifetime but greatly in excess of the cavity lifetime, it is possible for a population inversion to persist between levels 12) and 11) after pumping different formalism. Although energy transfer is widely treated with rate equations as a one-way, incoherent process between a donor and an acceptor, 3 a densitymatrix treatment can be used to incorporate the possibility of coherent back transfer. 7 Following this approach, we investigated the combined consequences of optical and spatial coherences in upconversion within the interacting pair system shown schematically in Fig. 4 . Analytic results showed that sustained pulsations are expected in the populations of excited states in the intermediate to strongly coupled regime as the result of coherent cooperative upconversion.
Cooperative upconversion results from the excited-state atom-atom interaction between (unsymmetrized) product states 102) and 1) in the pair manifold shown in Fig. 4 . Interactions between other excited pair states such as 101) and 110) are prevalent in rare-earth systems too but give rise only to companion phenomena such as rapid energy migration between sites. Such processes do not contribute to upconversion and are neglected here. Also, we considered the system at first to be undriven. Incident light prepares the system at time t = 0 in the doubly excited pair state 111) but has zero intensity thereafter.
Modifications of energy-transfer processes in the presence of radiation are considered in Subsection 2.D.
Excited-state dynamics may be calculated from the Liouville equation for the density matrix p, augmented by relaxation terms:
The Hamiltonian is taken to be H = Ho + Hint, where Ho is the isolated ion Hamiltonian and Hint is the interaction between two coupled atoms. Typically, Hint arises from multipole-multipole or exchange interactions between electrons on adjacent atoms, 8 but its detailed form is not of concern from the point of view of basic dynamics. Relaxation terms represented globally by y include population decay of each level i at the rate yi and dephasing of polarization on the ij transition at the rate yj = (y + y)/2. Off-diagonal elements of H are written as state-specific coupling parameters multiplied by Planck's constant. This permits the strength of the ion-ion interaction, for instance, to be given as a characteristic frequency iL = (021Hitll), thus avoiding the need to specify multipole-multipole interactions or accompanying phonon processes explicitly. When the energies of the initially uncoupled states 1ll) and 102) are degenerate, one finds their eigenvalues in the presence of interaction by diagonalizing the subdeterminant of matrix elements of H. For example, with the pair basis shown in Fig. 4 , the eigenvalues of submatrix E -iL* H= ihL E (10) are readily found in the subspace of states 111) and 102) to be El,2'= E ± (LL) 1 12 (11) revealing an energy splitting of the doubly excited eigenstates equal to 2h(LL*) 1 2 . This is the well-known Davydov splitting. The corresponding eigenstates of the interacting pair are
We examined the temporal development of superposition states rather than stationary states. States such as 100), 111), and 102) are spatially localized, and their dynamics directly reveal the spatial flow of energy within the system. This feature is extremely useful for understanding and predicting the energetics of the system. Because these states furnish a complete, alternative basis for describing pair dynamics in which intuitive ideas are easily incorporated, all the calculations were performed with them. Introducing the convenient notation 100) = 10), 111) = 11), and 102) = 12), one can immediately write equations of motion for the pair superposition states in the absence of driving fields as follows. Assuming the Davydov splitting is energetically negligible, one finds that
The analytic, steady-state solutions are
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In these expressions we have used the following definitions: Figure 5 shows the general behavior of these solutions for assumed initial conditions pu, = 1, P22 = 0, and P12' 0. The values of key parameters approximate those of Tm 3 + in the crystal host YA10 3 , for which relevant relaxation rates are available in the literature.' 9 Two values of the unknown coupling strength L were considered.
For L = 3 kHz (three times the assumed dephasing rate), pulsations in the populations of pair superposition states 11) and 12) appeared as sinusoidal variations of Pu, and P22 versus time. For L = 1 kHz (equal to the dephasing rate), no oscillations in population were predicted.
The population pulsations shown in Fig. 5 (a) arise from periodic reversal of the cooperative upconversion process, a manifestation of (spatially coherent) partial delocalization of the excitation. Theoretically, the oscillation frequency provides a direct measure of the coupling strength L through the relation for co 0 given in Eq. (20) . At present this parameter may be estimated only roughly from measured pair cross-relaxation rates. However, this procedure does yield a value L = 1 kHz, which coincides with the experimental dephasing rate of level 11) (corresponding to the 3 F 4 level of Tm 3 +) in Tm:YA10 3 .l 9 Because the coupling and decay rates are the same, this estimate suggests that, experimentally, L may be at the critical value separating regimes of localized from coherently delocalized dynamics. In Tm:YAl0 3 or other rare-earth crystals effects of delocalization may therefore be observable without optical cavities. Weakly delocalized dynamics may even seed unstable behavior in the presence of gain, an idea explored in more detail in Subsection 2.C.
C. Instabilities in Cooperative Dynamics
Because upconversion is inherently a nonlinear process, it can in principle exhibit unstable behavior. 2 9 Instabilities in excited-state populations or chaos might therefore be expected to arise from interatomic coupling of atoms 2 l in at least two ways. First, one can imagine cooperative upconversion initiating population relaxation oscillations of the type indicated in Fig. 3 , which might be amplified or sustained in the steady state by a driving field in a cavity. In this case oscillations would arise from cavity-atom interactions accompanied by stimulated emission. Second, the delocalization discussed in Subsection 2.B could initiate population pulsations and might be strong enough to mediate an instability even without a cavity. In this case unstable behavior would arise purely from atom-atom interactions driven by an optical field, without stimulated emission. In this subsection we find the surprising result that coherent delocalization is necessary to sustain steady-state oscillation with or without a cavity.
As an initial step, unstable solutions of the rate equations (4)-(8) were sought. Three-level lasers with linear driving terms respond universally to departures from steady-state intensity by exponential decay back to the original steady state. 2 
In the intermediate-to-strong coupling regime a similar stability analysis of upconversion dynamics requires a density-matrix calculation. This begins with augmentation of the unperturbed Hamiltonian by the field Hamiltonian. In the basis of uncoupled pair states O), 11), and 12) this yields Ho = E11)(11 + E12)(21 + a12Iicola)(aI.
Here la) is a coherent state of the radiation field, chosen to represent the atomic interaction with a laser field, and a 1 2 = (alIa talIa) is the expectation value of the number operator. 2 3 The energy contribution from vacuum fluctuations has been dropped. The ion-ion interaction Hamiltonian in this subspace is augmented by fieldinduced dipole transitions between the ground state 10) and the doubly excited pair state 11) (not state 12)):
i, = iLl1)(21 + h.c. + hfAfB* a 1 2 1)(01 + h.c. (23) In this expression A is the 100) -101) transition frequency, and h. The populations of the pair system in the interaction representation are (24) dt dpu + dt P3 + P4 -ypil, (25) 
The equations for optical and spatial coherences in the system are given by 
We emphasize the role of incident light by replacing the expectation value of the number operator (alnla) = 1a1 2 by a quantity proportional to (but not identical with) intensity, as defined in Eq. (31). In these equations the coherence term P02, which is second order in the field, has been neglected. This at first appears unjustified because the coherence term po1, which is similarly second order in the pumping field, has been retained. However, it can easily happen that sequential or simultaneous two-photon absorption processes fail to populate doubly excited states while cooperative upconversion takes place. If phonons accommodate the energy defect A, upconversion can occur rapidly and may generate weak spatial coherence or the delocalization described by po1. At the same time, if energy levels are not in exact coincidence with the incident frequency, two-photon optical coherence does not develop (Po2 = 0). In a closed three-level pair system, population is conserved. Hence we can eliminate ground-state variables, using the relation POO + P11 + P22 = 1. Making the substitutions P11 -pi and P22 P2 for convenience, we find that the equations of motion in matrix form become
The overdots indicate differentiation with respect to time. From this result it may be concluded that spatial coherence can generate population oscillations in the steady state without optical feedback. This feature of coherent cooperative upconversion has not, to our knowledge, been previously discussed and may be a useful new signature of delocalization in upconversion. A numerical calculation of the growth of this instability is shown in Fig. 6 .
D. Enhanced Upconversion and Energy Transfer
We now show that the energy-transfer rate between atoms is frequency dependent when modulated, incoherent light is used to excite pair upconversion. A resonant condition for enhanced upconversion emerges from this analysis.
The dynamical equations that we consider are identical to Eqs. (13)- (15), except that an incoherent driving term is added to the right-hand side of Eq. (14) . The modified equation is The optical pumping rate A depends on incident intensity, the Einstein B coefficient, and the population difference between levels 10) and 11). In the low-depletion limit po -p =_1, and A is implicitly independent of the density-matrix elements. Writing the equations of motion in terms of P12' defined in Eq. (20), we find that R(co) is proportional to emission intensity, which is dependent on energy transfer, and is plotted in Fig. 7 for two values of the interatomic coupling strength L, again with the use of decay parameters typical of Tm:YAl0 3 . For weak coupling (L = 0.5 kHz), the energy-transfer response function falls off rapidly as the frequency of modulation is increased from zero. However, for stronger coupling (L = 5 kHz) it exhibits a resonant peak near the coupling frequency. The precise frequency at which the -n peak occurs is given by When the dephasing rate of spatial coherence is much less than the coupling frequency, the energy-transfer resonance is well defined. When the dephasing rate exceeds the coupling frequency, the peak broadens and becomes less pronounced, eventually disappearing.
EXPERIMENTAL PROCEDURES
To investigate some of these predictions, experiments were performed in single crystals of 5% Er:CaF 2 and 5% 400 500 Er:LiYF 4 . Two sample disks of 3-mm thickness were prepared as monolithic, hemispherical optical cavities, and a third sample of the same thickness was polished r (density-matrix plane parallel. The monolithic crystals were cut and 900 kHz 2 , and were polished identically for laser experiments, with one of (a). flat surface and one convex surface of radius 2.5 cm.
Both surfaces were antireflection coated in the range requency ac-1.4-1.6 ,ttm. Most observations were made in the first monic solutions 
crystal, in which the curved surface coating gave total reflection between 2.7 and 2.9 gm and the flat served as a 2% output coupler. The other monolithic sample was coated for output at 854 nm. The third sample was used in an astigmatically compensated, three-mirror cavity designed for operation at 702 nm. Collectively these samples furnished light sources in which emission was sustained by pair, trio, and quartet upconversion processes, respectively. Each sample was pumped longitudinally with a cw NaCl color-center laser, absorbing approximately 75% of incident radiation at 1.51 Aum. Laser action at 2.8 Am was achieved at room temperature, as described previously.' 4 The lasers with output wavelengths at 855 (Ref. 25) and 702 nm (Ref. 26 ) required cooling to liquidnitrogen and liquid-helium temperatures, respectively. Cw laser emission was observed in each sample with output powers in the milliwatt range, sufficient for a variety of experiments related to cooperative dynamics. Laser output of the first crystal was monitored through a notch filter at 2.8 um (FWHM 10 nm) with a fast InAs photodiode (rise time -5 ns). Dynamics at 854 and 702 nm were monitored with fast photomultipliers and were recorded on a 1-GHz digital oscilloscope. Thermopile detection was used for power measurements. Two main types of time-resolved measurement pertinent to a comparison with the theoretical concept outlined in Section 2 were made. The first consisted of observations of 2.8-Am laser output transients at the leading and trailing edges of square pump pulses generated by acousto-optic techniques. We made single-shot digital recordings with 100-ns temporal resolution (analog bandwidth), using a 1-MHz sampling rate over 8,000 points. Second, output intensity was digitally recorded versus time in the instability regime, with constant pumping. these laser measurements whether cooperative enhancement affected performance.
Nevertheless, other recent observations support the concept of cooperatively enhanced quantum efficiency outlined in Subsection 2.A. Output power measurements of a 2.8-,um laser pumped by conventional means at 980 nm in concentrated Er:LiYF 4 recently revealed performance marginally in excess of the theoretical efficiency limit set by 7 E = Ain/Aout 35%. 27 This result was ascribed to pair upconversion dynamics, furnishing the first example of a laser with output enhanced by cooperative dynamics. Enhancement should extend to cooperative upconversion lasers as well, however. Although our own measurements do not reveal enhancement of upconversion laser output, we do furnish direct evidence of recycling dynamics in Subsection 4.B. The most efficient upconversion laser in our experiments was the unoptimized trio laser, which operated at 855 m. Measurements yielded a slope efficiency of 28% and an overall energy efficiency of 26% for this laser. The latter value is to be compared with the maximum theoretical limits with and without recycling, which give 7/E* = [1/(m -)]Affi/Aout = 88% and 7qE = (1/m)Aij/A 0 ut = 59%, respectively. Although the cw trio laser worked remarkably well on a self-terminating transition, the actual laser efficiency gave no indication of quantum-efficiency enhancement. Figure 8 shows representative data for upconversion laser emission on the 2 H 9 / 2 -4 I1/ 2 transition at 701.5 nm, excited by 1.5-,um radiation and originating from a state at nearly four times the incident photon energy. The mere operation of this fourfold upconversion laser is surprising and immediately raises questions as to what fundamental limits may exist for cw laser action involving high degrees of upconversion and whether enhancement mechanisms are operative in such devices. However, the fourfold upconversion laser was also less efficient than either the maximum value -qE* = 71% or BqE = 53%. Consequently it was not possible to conclude directly from Excitation was gated acousto-optically from the output of a cw NaCl laser. The rise and fall times of the pump pulses were less than 50 ns. Insets, Fourier transforms showing dominant frequency components.
B. Population Pulsations
When cw operation of the 2.8-/um pair-pumped laser was terminated, a transient increase in output power was observed. This result is in accord with the simple rate equation treatment presented in Subsection 2.B. In addition, for excitation at Aex = 1.5 jam, unexpected rapid oscillations occurred under the envelope of this transient peak, as shown in Fig. 9 . Relaxation oscillations were observed at the leading edge of pump pulses also [ Fig. 9(a) ] but are not discussed here because of the analytic complication of including a driving field in the dynamics. Conclusions may be drawn more straightforwardly from an examination of trailing-edge transients. An enlargement of postexcitation pulsations is shown in Fig. 9(b) , together with their Fourier spectrum, revealing a chirped frequency spectrum centered near 210 kHz. This frequency is very near the measured inverse lifetime Fig. 9(b) it is clear that pulsations of the stimulated emission continued long after external excitation of the system ceased. This clearly indicates that they originate from the interaction of the residual atomic inversion, the optical cavity, and the cavity photon density. Moreover, these pulsations are in excellent quantitative agreement with the rate equation calculation given in Fig. 3 , with no adjustable parameters. The origin of these transient pulsations can be pictured in the following way. Once external excitation ceases, inversion can recur only through pair upconversion to the 4I9/2 level (analogous to level 13) in Fig. 2 ) of Er3+.
This process' 4 is followed by nonradiative relaxation to the 411/2 upper laser level (12) in Fig. 2 ). While the upconversion rate is very high, the limiting rate at which inversion can be reestablished following depletion of the gain is set by the inverse 419/2 lifetime. As long as the 4I13/2 level (I1) in Fig. 2 ) responsible for pair upconversion remains well populated, cooperative upconversion efficiently replenishes the upper-state population in this way. Inversion density builds until the threshold is reached, whereupon stimulated emission depletes the accumulated gain. Quite distinct from conventional relaxation oscillations, these population pulsations are a direct manifestation of population recycling by cooperative dynamics, amplified by the feedback within an optical cavity.
C. Instabilities in Driven Systems
Whereas true cw operation of the pair-pumped 2.8-,um laser was achieved at low pumping intensity, instabilities became evident at intensities well above the threshold for cw lasing. These results are shown in Figs. 10-12.
For an excitation wavelength of Aex 1.5 /um, inversion at 2.8 /-tm is sustained purely by cooperative dynamics.' progressively more complex as pumping is increased, possibly because of a secondary Hopf bifurcation on a torus. At other excitation wavelengths the cooperative process occurs at a much reduced rate because the steady-state 1I13/2 population from which pair upconversion originates is greatly reduced. The main result of this section is that instabilities are observed only when the excitation wavelength is chosen to maximize the cooperative dynamic contribution to laser inversion (Ae = 1.5 /um).
The experimental observation of spontaneous growth of an instability from noise above a distinct threshold intensity is shown in Fig. 10 . The associated Fourier spectrum is presented in Fig. 11 , and a second recording is shown in Fig. 12 , with higher temporal resolution. These experimental results are in excellent agreement with the density-matrix prediction given in Fig. 6 . At this pumping intensity laser output experiences a hard loss of stability characteristic of a subcritical Hopf bifurcation, 2 8 suddenly developing a deep, periodic modulation above the instability threshold. Oscillations grow This progression is reflected in the attractor plots shown in Fig. 13 . Although the 2.8-pum laser is renowned for being noisier than most other solid-state lasers under free-running conditions, to our knowledge no sustained oscillations like those reported here have been observed for excitation at pump wavelengths other than 1.5 pum. In our experiments, in addition to using Aex = 1.5 .m to pump 2.8-pum Er:CaF 2 and Er:LiYF 4 lasers, we tried alternative wavelengths of Aex 651-657 nm and Aex = 800 nm. As indicated in Fig. 14 , the output observed from the 2.8-.m Er:CaF 2 laser pumped three times over threshold at Aex = 652 nm showed no spiking behavior during continuous operation. After termination of pumping at Aex = 652 nm this laser showed transient enhancement of laser output (an afterpulse), but population pulsations beneath the afterpulse envelope were notably absent. Similarly, for Aex = 800 nm, no sustained oscillations were observed at equivalent levels above threshold, and no postexcitation pulsations occurred.
At pump wavelengths other than 1.5 pum, cooperative dynamics evidently served to overcome the self-terminating nature of the 2.8-pum emission but contributed only weakly to upper-laser-level population. Oscillations in 2.8-pum laser emission did not occur under these circumstances. Unstable operating conditions were reached only when excitation was provided at Er laser operating at 2.8 pum are due to the nonlinear dynamics of cooperative upconversion and can be reproduced by a density-matrix theory of cooperative upconversion that incorporates spatial coherence. Rate equations successfully describe transient upconversion behavior but fail to reproduce the observed steady-state instabilities, thereby indicating the importance of spatial coherence in pair dynamics of rare-earth ions in upconversion lasers. Coherent cooperative upconversion can in principle mediate population pulsations in rare-earth systems without cavities and admits a measure of control over energy transfer. These interesting prospects warrant further investigation.
APPENDIX A
To analyze the stability of the pair-pumped upconversion laser, the system response to small perturbations in Eqs. (4)- (8) 1.5 pum, for only then did nonlinear cooperative dynamics dominate the inversion mechanism. We take these results, in combination with the theoretical considerations of Subsections 2.B and 2.C, to be strong evidence that the observed instabilities of the pair-pumped laser are completely attributable to cooperative nonlinear dynamics. Additionally, one may infer that noisy operation of the 2.8-pum Er laser pumped at wavelengths other than 1.5 pum originates from a subthreshold instability of the cooperative upconversion contribution to gain in the laser medium. Improved operation of this laser might therefore be attainable with feedback control of the type recently applied to stabilize chaotic laser output. 
SUMMARY
Cooperative nonlinear dynamics in highly doped media have important implications for upconversion and conventional solid-state lasers alike. In this paper we have introduced the concepts of population recycling in cooperative upconversion and enhancement of quantum efficiency. These concepts are relevant to an understanding of the theoretical efficiency limits of cw upconversion lasers and to potential improvements of conventional lasers in dense media. Cooperative dynamics give rise to population pulsations and instabilities that can be observed in optical cavities. We have established that pulsations during afterpulses and sustained oscillations of the cw pair-pumped At this pump wavelength output is continuous even at three times above threshold, and the trailing-edge spike has no rapid underlying oscillations.
(Al) -- where A is an eigenvalue of the matrix A of coefficients in Eq. (Al 
Here we have used the definitions a = Boll, b = B2QX c = 2aN 1 8 , and d = B 12 (N 2 -N,,) = t', and we note that all these quantities and the coefficients given above are positive above laser threshold. The system will become unstable if any determinant Dl(i = 1, 2,3,4) is less than zero.
Because a 4 = 1 we note that D 4 = D 3 , so the number of determinants that must be considered is reduced to three: Consequently the rate equations describing pair-pumped laser operation are universally stable.
